Diverse Trends of Electron Correlation Effects for Properties with
  Different Radial and Angular Factors in an Atomic System: A case study in
  Ca$^{+}$ by Kumar, Pradeep et al.
Diverse Trends of Electron Correlation Effects for Properties with Different Radial
and Angular Factors in an Atomic System: A case study in Ca+
a,bPradeep Kumar, cCheng-Bin Li and a,cB. K. Sahoo
aAtomic, Molecular and Optical Physics Division,
Physical Research Laboratory, Navrangpura, Ahmedabad-380009, India
bIndian Institute of Technology Gandhinagar, Ahmedabad, India
cState Key Laboratory of Magnetic Resonance and Atomic and Molecular Physics,
Wuhan Institute of Physics and Mathematics, Chinese Academy of Sciences, Wuhan 430071, China∗
(Dated: Received date; Accepted date)
Atomic properties such as field shift constants, magnetic dipole and electric quadrupole hyper-
fine structure constants, Lande´ gJ factors, and electric quadrupole moments that are described by
electronic operators with different ranks and radial behaviors are studied and the role of electron
correlation effects in their determination are investigated. We have adopted the Dirac-Hartree-Fock
method, the second- and third-order relativistic many-body perturbation theories, and an all-order
relativistic many-body method in the coupled-cluster theory framework considering only the lin-
earized terms and also all the non-linearized terms in the singles and doubles with partial triples
excitations approximation to carry out these analyses. Variations in the propagation of electron
correlation effects with operators having same angular factors but different radial behaviors and
with different ranks are highlighted. Corrections from the higher-order relativistic corrections due
to the Breit and quantum electrodynamics interactions to all these properties are also estimated.
Understanding of trends of electron correlation effects in these properties can be useful to establish
accuracies in the theoretical results of different atomic properties and to substantiate validity of an
approximated many-body method.
PACS numbers: 31.15.A-, 31.15.B-, 31.15.V-, 31.30.Gs
I. INTRODUCTION
Investigating role of electron correlation effects in
many-electron systems such as atoms, molecules and
solids are the long standing research problems [1]. Elec-
tronic wave functions of these systems with more than
three electrons are not practical to solve exactly, hence
approximated methods are being used for their calcula-
tions. The first-step in these approaches is to treat a
mean-field or effective potential to obtain approximated
wave functions and energies. In the atomic systems,
Hartree-Fock (HF) method in the non-relativistic case
or Dirac-Hartree-Fock (DHF) method in the relativistic
framework is being considered as the most suitable mean-
field approach to obtain the approximated wave functions
and energies as it is devised on the basis of variational
principle [2, 3]. Going beyond the (D)HF method for
more accurate calculations, one uses finite-order many-
body perturbation theory (MBPT) or all-order perturba-
tive methods truncating at some levels of approximations
depending upon the choice or existing computational fa-
cilities.
There have been continuous attempts to benchmark
∗ Emails: pradeep@prl.res.in; cbli@wipm.ac.cn; bijaya@prl.res.in
the truncated many-body methods for producing accu-
rate theoretical results in various perspectives. For ex-
ample, an accurate many-body method can predict re-
liable spectroscopic data on the systems which are not
experimentally observed. Very accurate matrix elements
of weak-interaction Hamiltonians are required to find out
exotic physics from the studies of atomic parity non-
conservation (PNC) effects [4–6] and permanent electric
dipole moments (EDMs) of the atoms [6, 7]. Thus, it
would be imperative to establish capability of a many-
body method so that it can be employed assuredly for
theoretical studies in guiding many high-precision ex-
periments such as atomic clocks [8], quantum informa-
tion studies [9], probing violations of discrete symmetries
[6, 7], Lorentz symmetry violation [10], etc. prior to per-
forming the actual measurements.
There have also been immense interest to acquire in-
sightful knowledge on the behavior of electron correla-
tion effects in atomic systems. In the Slater determinant
formalism, it is obvious to comprehend that a full con-
figuration interaction (CI) method can account for all
the correlation effects in a system but this method is
not viable to apply to the atomic systems having more
than four electrons. Again, though this method can give
final results that can be treated as the numerical exper-
imental values, it cannot demonstrate the roles of elec-
tron correlation effects explicitly. Alternative all-order
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2methods such as Green’s function approach and relativis-
tic coupled-cluster (RCC) methods, that are formulated
adapting diagrammatic techniques, are apt to demon-
strate roles of different correction effects categorically
[1–3]. Moreover, when these methods are truncated at
different levels of approximation and employed to atomic
systems, one could see contrasting results owing to limita-
tions over capturing electron correlation effects through
various methods. Depending upon the ansatz followed
to express the form of the wave functions, the truncated
many-body methods can have many advantages or dis-
advantages in capturing various correlation effects and
can claim for extensive computational resources. On this
point of view the truncated RCC methods, let’s say at the
singles and doubles excitations approximation (CCSD
method), is more powerful than the truncated CI method
at the same truncation level of excitations [1, 2]. As a
matter of fact, the singles and doubles CI approximation
(CISD method) has size consistency and size extensivity
problems, whereas the CCSD method is free from them
[1, 2]. In fact, the CCSD method can account for contri-
butions from the higher level excitations such as triples,
quadruples etc. to some extent through its non-linear
terms. However, one can find an approximated multi-
configuration Dirac-Fock (MCDF) method, which is a
variant of CI method, can produce sometimes more accu-
rate spectroscopic data than the CCSD method [11, 12].
On the other hand, the CCSD method is proven to give
some of the results more precisely, while other calcula-
tions are far off from the experimental results [13, 14].
As has been mentioned earlier, there are colossal de-
mands to authorize methods that can offer very reliable
results in atomic systems so that they can be used to
determine quantities that cannot be yield from direct
measurements. In studies on PNC and EDM effects in
atomic systems, it is imperative to ascertain accuracies
of the theoretical results to accomplish their objectives
[4–7]. These calculations require meticulously determina-
tions of the electric dipole (E1) matrix elements, excita-
tion energies and matrix elements of the PNC and EDM
interaction Hamiltonians between different atomic states
[5, 7]. In principle, accuracies of the E1 matrix elements
can be verified by estimating lifetimes or E1 polarizabil-
ities (αd) of atomic states and comparing them with the
corresponding measurements. Analogously, accuracies of
the excitation energies can be justified by comparing the
calculated values from a method with their experimental
values. However, such approaches cannot be adopted to
gauge accuracies of the atomic PNC and EDM interac-
tion Hamiltonians. Alternative approaches like compar-
ing calculated magnetic dipole (M1) hyperfine structure
constants (Ahf ) and αd values with the experimental re-
sults are being commonly used to find out accurate be-
haviors of the wave functions in the nuclear region [15]
and to test the validity of the methodology employed
in the calculations, respectively [16, 17]. It is, however,
dubious to justify whether it is really able to estimate
accuracies of the matrix elements of a particular oper-
ator by analyzing matrix elements of another operator
having same rank but different radial behavior or vice
versa. Thus, this needs to be ascertained by carrying out
rigorous analysis before acclaiming such justifications.
There are also similar perspectives are undertaken to
gauge accuracies of some of the properties by determin-
ing other properties. To name a few, accurate evaluations
of isotope shifts, particularly field shifts, are justified by
calculating the Ahf values as both the quantities are sen-
sitive to the behaviors of the atomic wave functions in the
nuclear region [18–20]. It should be noted that ranks of
the operators associated with these evaluations are not
same and radial dependencies of these properties are also
different. On the other hand, the single particle matrix
elements of the electronic components of the Ahf and
Lande´ gJ factor determining operators have the same an-
gular factors but their radial dependencies are very con-
trast [8, 21]. Also, electronic components of the electric
quadrupole (E2) hyperfine structure constant (Bhf ) de-
termining operator and the electric quadrupole moment
operator share the same angular factors while differ in
their radial dependencies. Thus, it would be pragmatic
to fathom propagation of electron correlation effects in
all these properties in a particular atomic system em-
ploying many-body methods that are approximated at
different levels to acquire comprehensive understanding
about their capabilities on producing theoretical results
matching with the available experimental results. This
may enlighten us to learn more about credentials of the
approximated methods that are usually employed for per-
forming spectroscopic properties in an atomic system.
With this objective, we carry out investigation of trends
of electron correlation effects in evaluating a variety of
atomic properties that are described by physical opera-
tors having different ranks and radial dependencies. We
also employ relativistic many-body methods with vari-
ous approximations in order to substantiate competence
of these methods for attaining reliable results. For this
analysis, we choose the singly charged calcium ion (Ca+),
as it has been undertaken for many high precision experi-
ments such as for atomic clock [22, 23], quantum informa-
tion [24], probing Lorentz symmetry violation [25], inves-
tigating field-shift ratio [26], measuring gJ factor [11, 24],
etc. by many groups around the globe.
II. THEORY
For the intended investigation, we would like to con-
sider even parity operators with different radial and an-
gular momentum dependencies for calculating their ex-
pectation values employing a number of truncated many-
body methods to demonstrate propagation of the elec-
tron correlation effects systematically. So we choose
specifically operators describing Ahf , Bhf , gJ factor,
field-shift constant (F ) and electric quadrupole moment
(Θ) for this objective. Clearly, they are the scalar, vec-
tor and tensor type operators ranging ranks from 0 to
32. Moreover, some of these operators have same angular
momentum but different radial dependencies. Therefore,
a comparative analysis in the trends of the electron cor-
relation effects can be articulated by investigating these
properties in a system using various approximated many-
body methods. To make it evident, we give the single
particle matrix element expressions of the respective op-
erators below.
A. Field shift constant F
Conventionally, field-shift is theoretically determined
assuming uniform charge distribution inside the atomic
nucleus in a sphere of radius R. This can yield expression
for the field-shift determining operator Ffs as [27]
Ffs =
∑
i
f
(0)
fs (ri) =
{
5Z
4R3
[
1− r2iR2
]
for r ≤ R
0 for r > R,
(1)
where Z is the atomic number. The reduced matrix ele-
ment of f
(0)
fs is given by
〈κf ||f (0)fs ||κi〉 = 〈κf || C(0) ||κi〉
∫ ∞
0
dr f
(0)
fs (r)
× (PfPi +QfQi) , (2)
where P and Q are the radial parts of the large and
small components of the single particle Dirac wave func-
tion, respectively, κ is the relativistic angular momentum
quantum number and C(k) is the Racah operator of rank
k. In the above expression, we have encircled quantities
that define rank of the operator and that is responsi-
ble for radial dependency apart from the wave function
components. Since Ffs is finite only within the nucleus,
investigating Ffs can test the accuracies of the wave func-
tions in the nuclear region. The reduced matrix element
of the Racah tensor C(k) is given by
〈kf ||C(k)||ki〉 = (−1)jf+1/2
√
(2jf + 1)(2ji + 1)
×
(
jf k ji
1/2 0 −1/2
)
pi(lf , k, li), (3)
with the selection rule
pi(lf , k, li) =
{
1, if lf + k + li even
0, otherwise
(4)
where l is the orbital angular momentum of the corre-
sponding orbital.
The field shift constant is defined as F = 〈Ffs〉 for a
given atomic state.
B. Lande´ gJ factor
The Dirac contribution to the gDJ factor of a bound
electron can be evaluated by [21]
gDJ =
〈J ||N(1)||J〉
2µB
√
J(J + 1)(2J + 1)
, (5)
where J is the total angular momentum of the atomic
state being considered and N(1) =
∑
i µ
(1)
q (ri) such as
the corresponding single particle reduced matrix element
of µ(1) is given by
〈κf ||µ(1)||κi〉 = −(κf + κi)〈−κf || C(1) ||κi〉
×
∫ ∞
0
dr r (PfQi +QfPi) . (6)
As seen from the above equation, this quantity is directly
proportional to the radial distance of the electron.
The quantum electrodynamic (QED) correction to the
gDJ factor (∆g
Q
J ) can be estimated approximately using
the expression [21]
∆gQJ = 0.001160
〈J ||∆N(1)||J〉√
J(J + 1)(2J + 1)
, (7)
with ∆N(1) =
∑
i ∆µ
(1)
q (ri) for the reduced matrix ele-
ment
〈κf ||∆µ(1)||κi〉 = −〈κf ||C(1)||κi〉
∫ ∞
0
dr(PfPi +QfQi).(8)
Thus, the net value is given by gJ = g
D
J + ∆g
Q
J . The
electron correlation effects hardly play any role in esti-
mating the ∆gQJ correction [28], so the angular and ra-
dial dependencies of the expression given by Eq. (5) is
reflected in the determination of the gJ factor through
different many-body methods.
C. Hyperfine structure constant Ahf
The M1 hyperfine structure constant is expressed as
[29]
Ahf = µNgI
〈J ||T(M1)hf ||J〉√
J(J + 1)(2J + 1)
, (9)
where µN is the nuclear magneton, gI is the ratio of nu-
clear magnetic dipole moment µI and the nuclear spin I.
The single particle matrix element of the M1 hyperfine
interaction operator T
(M1)
hf =
∑
i t
(1)
hf (ri) is given by
〈κf ||t(1)hf ||κi〉 = −(κf + κi)〈−κf || C(1) ||κi〉
×
∫ ∞
0
dr
(PfQi +QfPi)
r2
. (10)
Obviously, this quantity is sensitive in the nuclear region
owing to the inversely proportional to square of the radial
distance of the electrons. In the present analysis, we use
the value as gI = −0.37646943 of 43Ca+ [30].
4D. Hyperfine structure constant Bhf
The E2 hyperfine structure constant is expressed as
[29]
Bhf = Qnuc
{
8J(2J − 1)
(2J + 1)(2j + 2)(2j + 3)
}1/2
×〈J ||T(2)hf ||J〉, (11)
where Qnuc is the nuclear quadrupole moment. The sin-
gle particle matrix element of the E2 hyperfine interac-
tion operator T
(E2)
hf =
∑
i t
(2)
hf (ri) is given by
〈κf ||t(2)hf ||κi〉 = −〈κf || C(2) ||κi〉
×
∫ ∞
0
dr
(PfPi +QfQi)
r3
. (12)
This quantity is more sensitive in the nuclear region
for its 1/r3 dependency. We have considered Qnuc =
0.0444(6)b of 43Ca+ [31] for the theoretical determina-
tion of Bhf values.
E. Electric quadrupole moment Θ
The Θ value of an atomic state is the expectation value
of the quadrupole operator given by [12]
Qel =
∑
i
q(2)m (ri) = −
e
2
∑
i
(3z2i − r2i ), (13)
with the single particle reduced matrix element given by
〈κf ||q(2)||κi〉 = 〈κf || C(2) ||κi〉
∫ ∞
0
dr r2
×(PfPi +QfQi). (14)
As seen now in Eqs. (2), (6), (10), (12) and (14) all the
expressions that we are going to consider in our calcula-
tions have different angular and radial dependencies. Be-
low we discuss some of the relativistic many-body meth-
ods that we would like to employ for calculating the afore-
mentioned properties in the low-lying 4s 2S1/2, 3d
2D3/2,
3d 2D5/2, 4p
2P1/2, and 4p
2P3/2 states of
43Ca+. Com-
parison of the foregoing properties among these states
belonging to different orbital angular momenta and par-
ities can demonstrate variation in the correlation trends
in these states as well as, it can illustrate their dependen-
cies with the ranks and radial behaviors of the associated
operators.
III. METHODS FOR CALCULATIONS
The objective of this work is to investigate roles of the
electron correlation effects in the evaluation of proper-
ties described by operators with varying rank and radial
dependencies in low-lying states of Ca+. For this, we
consider the Dirac-Coulomb (DC) interaction Hamilto-
nian to calculate the atomic wave functions. The DC
Hamiltonian in atomic unit (a.u.) is given by
H =
∑
i
[cα · pi + (β − 1)c2 + Vnuc(ri)] +
∑
i≤j
1
rij
,(15)
where c is the velocity of light, α and β are the Dirac ma-
trices, Vnuc(r) is the nuclear potential evaluated consider-
ing the Fermi charge distribution and 1rij =
1
|rij | =
1
|ri−rj |
is the two-body interaction potential between the elec-
trons located at ri and rj .
It is found in the previous calculation of the gJ factor
of the ground state of Ca+ that, the frequency indepen-
dent Breit interaction is quite significant. We also esti-
mate contributions due to this interaction by adding the
corresponding interaction potential energy in the atomic
Hamiltonian as given by
VB(rij) = −{αi ·αj + (αi · rˆij)(αj · rˆij)}
2rij
, (16)
where rˆij is the unit vector along rij .
We also consider the lowest-order corrections due to
the vacuum potential (VP) and self-energy (SE) effects
in the calculations of the wave functions of the bound
electrons as described in our previous work [32], consid-
ering the nuclear Fermi charge distribution. The VP po-
tential is accounted for as sum of the Uehling (VU (r))
and Wichmann-Kroll (VWK(r)) potentials given by [33]
VU (r) = −2α
2
e
3r
∫ ∞
0
dx x ρnuc(x)
∫ ∞
1
dt
√
t2 − 1
×
(
1
t3
+
1
2t5
)[
e−2ct|r−x| − e−2ct(r+x)
]
(17)
and
VWK(r) = −8Z
2α4e
9r
(0.092)
∫ ∞
0
dx x ρnuc(x)
×(0.22{ arctan[1.15(−0.87 + 2c|r − x|)]
− arctan[1.15(−0.87 + 2c(r + x))]}
+0.22
{
arctan[1.15(0.87 + 2c|r − x|)]
− arctan[1.15(0.87 + 2c(r + x))]}
−0.11{ ln[0.38− 0.87c|r − x|+ c2(r − x)2]
− ln[0.38− 0.87c(r + x) + c2(r + x)2]}
+0.11
{
ln[0.38 + 0.87c|r − x|+ c2(r − x)2]
− ln[0.38 + 0.87c(r + x) + c2(r + x)2]}), (18)
respectively, where ρnuc is the nuclear density. Similarly,
the SE potential energy is evaluated as the sum of con-
tributions from the electric and magnetic form-factors
(VSE(r) = V
ef
SE(r) + V
mg
SE (r)) following the approach of
5Ref. [33]. These expressions are given by
V efSE(r) = −A(Z)(Zαe)4e−Zr +
B(Z, r)α2e
r
×
∫ ∞
0
dxxρnuc(x)
∫ ∞
1
dt
1√
t2 − 1
{(1
t
− 1
2t3
)
×
[
ln(t2 − 1) + 4 ln
(
1
Zα
+
1
2
)]
−3
2
+
1
t2
} [
e−2ct|r−x| − e−2ct(r+x)
]
(19)
and from the magnetic form-factor given by
V mgSE (r) =
iαe
4pic
γ ·∇r
∫ ∞
0
d3x ρnuc(x)
×
[(∫ ∞
1
dt
e−2tcR
Rt2
√
t2 − 1
)
− 1
R
]
, (20)
where A(Z) = 0.074 + 0.35Zαe, B(Z, r) = [1.071 −
1.97((Z − 80)αe)2 − 2.128((Z − 80)αe)3 + 0.169((Z −
80)αe)
4]cr/(cr + 0.07(Zαe)
2) and R = |r− x|.
We formulate wave functions by treating the consid-
ered states of Ca+ as a closed-core [3p6] of Ca2+ with
a valence orbital from different orbital angular momen-
tum for the computational convenience. Again to demon-
strate propagation of electron correlation effects from
lower to all-order many-body methods systematically, we
adopt Bloch’s prescription and express atomic wave func-
tion of a state |Ψv〉 with the closed-core [3p6] and a va-
lence orbital v as [34]
|Ψv〉 = Ωv|Φv〉, (21)
where Ωv and |Φv〉 are referred to as the wave opera-
tor and the DHF wave function, respectively. The DHF
wave function is constructed as |Φv〉 = a†v|Φ0〉 for the
respective state with the valence orbital v and the DHF
wave function of the closed-core |Φ0〉. To generate the
DHF orbitals, we use Gaussian type orbital (GTO) basis
functions, which are defined as
|φl(r)〉 = rl
Nl∑
ν=1
clνe
−ανr2 |χ(θ, ϕ)〉, (22)
for a orbital with orbital angular momentum l, where
|χ(θ, ϕ)〉 represents for the angular momentum part, Nl
corresponds to the total number of analytic functions
considered in the calculations and αν is an arbitrary co-
efficient constructed satisfying the even tempering con-
dition between two parameters α0 and β as
αν = α0β
ν−1. (23)
We have chosen 40 GTOs per each l value, α0 = 0.00715
and β = 1.92 in this work.
In our approach, the electron correlation effects from
different electrons are included by dividing Ωv as
Ωv = 1 + χ0 + χv, (24)
TABLE I. Field shift constants (F ) in MHz/fm2 of the first
five low-lying states of Ca+ from a number of relativistic
many-body methods approximated at different levels. Meth-
ods from the top to bottom sequence include more physical
effects due to inclusion of more electron correlation effects
systematically. Corrections from the Breit and lowest-order
QED corrections are quoted separately towards the end. Our
final values are given as the results from the CCSDpT method
along with the higher-order relativistic corrections. Results
from other calculations are given for comparison. Ratios of
the differences between results from different states are given
in the lower part of the table and compared with the other
calculations and experimental values.
Method 4s 2S1/2 4p
2P1/2 4p
2P3/2 3d
2D3/2 3d
2D5/2
DHF −214.537 −0.413 ∼ 0.0 ∼ 0.0 ∼ 0.0
MBPT(2) −253.635 17.061 17.412 77.605 77.170
MBPT(3) −249.506 21.130 21.459 91.401 90.767
LCCSD −273.053 21.966 22.377 116.783 116.835
CCSD(2) −262.486 20.579 20.951 100.208 100.114
CCSD −259.492 20.715 20.937 103.269 102.698
CCSDpT −252.604 25.619 25.838 115.929 115.538
+ Breit 0.343 −0.031 −0.031 −0.006 0.057
+QED −0.781 0.077 0.069 0.339 0.341
Total −253.042 25.665 25.876 116.262 115.936
Others [43] −266.6 19.6 19.9 111.8 111.2
Method
4s 2S1/2−4p 2P3/2
4s 2S1/2−4p 2P1/2
3d 2D3/2−4p 2P1/2
4s 2S1/2−4p 2P1/2
3d 2D3/2−4p 2P1/2
4s 2S1/2−4p 2P3/2
DHF 1.0019 −0.0019 −0.0019
MBPT(2) 1.0013 −0.2237 −0.2234
MBPT(3) 0.9988 −0.2597 −0.2593
LCCSD 1.0014 −0.3214 −0.3209
CCSD(2) 1.0013 −0.2813 −0.2809
CCSD 1.0008 −0.2946 −0.2944
CCSDpT 1.0008 −0.3246 −0.3243
Final 1.0007 −0.3251 −0.3248
Ref. [43] 1.0010 −0.3222 −0.3218
Ref. [44] 1.0
Expt [26] 1.0085(12) −0.3114(10) −0.3088(10)
where χ0 and χv are responsible for carrying out excita-
tions from |Φ0〉 and |Φv〉, respectively, to account for the
electron correlation effects because of the residual inter-
action Ves = H −H0 for the DHF Hamiltonian H0. The
core orbital relaxations are then estimated by operating
χ0 on |Φv〉. In the MBPT method, we express as
χ0 =
∑
k
χ
(k)
0 and χv =
∑
k
χ(k)v , (25)
where the superscript k refers to number of Ves consid-
ered and when it is truncated considering up to n number
of Ves, we refer to this as MBPT(n) method. Following
Bloch’s approach, the amplitudes of the χ0 and χv oper-
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FIG. 1. (Color online) Demonstration of propagation of elec-
tron correlation effects in the evaluation of the field shift con-
stants from lower- to all-order methods with different levels
of approximations. Methods are quoted in the X-axis with
arbitrary unit for the representation purpose only.
ators are obtained by [34]
[χ
(k)
0 , H0]P0 = Q0Ves(1 + χ
(k−1)
0 )P0 (26)
and
[χ(k)v , H0]Pv = QvVes(1 + χ
(k−1)
0 + χ
(k−1)
v )Pv
−
k−1∑
m=1
χ(k−m)v PvVes
×(1 + χ(m−1)0 + χ(m−1)v )Pv, (27)
where the projection operators are defined as P0 =
|Φ0〉〈Φ0| and Pv = |Φv〉〈Φv|. The corresponding or-
thogonal space operators are given by Q0 = 1 − P0 and
Qv = 1 − Pv. Clearly, χ0 and χv are in normal order
form with respect to |Φ0〉. We use the normal ordering
operators with respect to |Φ0〉 for calculating different
properties of Ca+.
The electron attachment energy of a state |Ψv〉 is eval-
uated by using an effective Hamiltonian
Heffv = PvHNΩvPv, (28)
where the normal order Hamiltonian HN = H−P0HP0 is
used. In the MBPT(2) method, we evaluate attachment
energy using the expression Heffv =
∑1
k=0 PvHNΩ
(k)
v Pv.
To analyze the correlation effects in the methods to
all-order in Ves, we employ the RCC theory in the Fock-
space formalism using the exponential ansatz of the wave
function as
|Ψv〉 ≡ Ωv|Φv〉 = e{T+Sv}|Φv〉
= eT {1 + Sv}|Φv〉, (29)
which implies that χ0 = e
T − 1 and χv = eTSv − 1 with
T and Sv are the RCC excitation operators due to Ves T
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7that excite electrons from the core and core along with
the valence orbitals to the virtual space respectively. It
to be noted that expansion of the exponential form of Sv
terminates naturally at the linear level owing to presence
of only one valence orbital in the reference DHF state.
We consider only the single and double excitations,
denoted by the subscripts 1 and 2 respectively, in the
CCSD method by expressing
T = T1 + T2 and Sv = S1v + S2v. (30)
This approximation is considered to be good enough to
account for electron correlation effects quite reliably to
produce many results in Ca+. Some of the previous cal-
culations [25, 35–37] are reported assuming only the lin-
ear terms in Eq. (29) of the CCSD method, referred
as LCCSD method, owing to very expensive computa-
tions involved with the non-linear terms. For representa-
tive analysis of correlation trends in this work from the
LCCSD method, we approximate Eq. (29) to
|Ψv〉 = {1 + T + Sv}|Φv〉. (31)
The amplitudes of the RCC operators are evaluated
using the equations
〈Φ∗0|HN +HNT |Φ0〉 = 0 (32)
and
〈Φ∗v|
(
HN −∆Ev
)
Sv|Φv〉 = −〈Φ∗v|
(
HN +HNT
)|Φv〉,
(33)
in the LCCSD method approximation. Similarly, these
amplitudes are obtained in the CCSD method approxi-
mation by the solving the following equations
〈Φ∗0|HN |Φ0〉 = 0 (34)
and
〈Φ∗v|
(
HN −∆Ev
)
Sv|Φv〉 = −〈Φ∗v|HN |Φv〉. (35)
In these expressions |Φ∗0〉 and |Φ∗v〉 are the excited state
configurations, here up to doubles, with respect to the
DHF states |Φ0〉 and |Φv〉 respectively and HN =(
HNe
T
)
l
with subscript l representing for the linked
terms only. The attachment energy ∆Ev of the electron
in the valence orbital v following Eq. (28) is evaluated
as
∆Ev = 〈Φv| {HN +HNT +HNSv} |Φv〉 (36)
in the LCCSD method and
∆Ev = 〈Φv|HN {1 + Sv} |Φv〉 (37)
in the CCSD method framework.
After obtaining amplitudes of the wave operators using
the equations described earlier, the considered properties
are evaluated as the the expectation values of the respec-
tive operators. Representing them by a general operator
O, the expectation value in the state |Ψv〉 is evaluated
by
〈Ψv|O|Ψv〉
〈Ψv|Ψv〉 =
〈Φv|Ω†vONΩv|Φv〉
〈Φv|Ω†vΩv|Φv〉
, (38)
with ON = O − P0OP0. This in the MBPT(n) method
corresponds to
〈Ψv|O|Ψv〉
〈Ψv|Ψv〉 =
∑n
k=0
∑n
m=0〈Φv|[1 + χ†(m)0 + χ†(m)v ]ON [1 + χ(k)0 + χ(k)v ]|Φv〉∑n
k=0
∑n
m=0〈Φv|[1 + χ†(m)0 + χ†(m)v ][1 + χ(k)0 + χ(k)v ]|Φv〉
, (39)
with the constraint that each term in the expansion of
the above expression should have m + k ≤ n orders of
Ves. We consider terms belonging to both MBPT(2) and
MBPT(3) methods for our analysis.
Similarly, the properties in the LCCSD method ap-
proximation are evaluated by
〈Ψv|O|Ψv〉
〈Ψv|Ψv〉 =
〈Φv|{ON +ONT + T †ON +ONSv + S†vON + T †ONT + S†vONT + T †ONSv + S†vONSv}|Φv〉
〈Φv|{1 + T †T + S†vT + T †Sv + S†vSv}|Φv〉
(40)
and evaluating the following expression in the CCSD method
〈Ψv|O|Ψv〉
〈Ψv|Ψv〉 =
〈Φv|{1 + S†v}eT
†
ONe
T {1 + Sv}|Φv〉
〈Φv|{1 + S†v}eT †eT {1 + Sv}|Φv〉
.(41)
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Contribution coming from 〈Φv|ON |Φv〉 = 〈φv|o|φv〉 for
the single particle wave function of the valence orbital
|φv〉 and expressing O =
∑
i o(ri) in the above expres-
sions is termed as the DHF result here. As can be seen,
the property evaluating expressions in the MBPT(2) and
LCCSD methods have finite terms while the expression
of the CCSD method has infinite numbers of terms due
to non-truncative nature of eT
†
OeT and eT
†
eT . How-
ever, we adopt an iterative procedure to incorporate as
much contributions from these non-truncative series as
described in our previous works [38, 39]. Further to
highlight the differences in the results from the LCCSD
and CCSD methods due to the non-linear terms appear-
ing in the amplitude and property determining expres-
sions, we also evaluate contributions by using the ex-
pression of Eq. (40) but substituting amplitudes of the
CCSD operators. This approximation is referred to as
the CCSD(2) method, which involves non-linear contri-
butions only through the wave functions.
Uncertainties in our calculations would come from
three different sources: (i) consideration of finite size
of basis functions in the calculations, (ii) higher level
excitations over the CCSD method and (iii) numerical
calculations of various operations. As mentioned earlier
we are not focusing here to give very accurate results,
but our intention is to draw attentions on the trends of
correlation effects in the evaluation of properties having
different radial and angular behaviors. In this point of
view, we do not focus on the basis size truncation error
and numerical instabilities. Such analyses are already
carried out in our previous studies in most of the consid-
ered properties [15, 26, 28, 40, 41]. However, we would
like to demonstrate importance of the higher level ex-
citations contributions that are neglected in the CCSD
method approximations in the determination of various
properties in Ca+. To answer this to some extent, we
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estimate contributions from the leading order triple exci-
tations that are neglected in the CCSD method. For the
same, we define perturbative RCC operators to include
leading order triple excitations as
T pert3 =
1
6
∑
abc,pqr
(
HNT2
)pqr
abc
a + b + c − p − q − r (42)
and
Spert3v =
1
4
∑
ab,pqr
(
HNT2 +HNS2v
)pqr
abv
∆Ev + a + b − p − q − r , (43)
as part of the T and Sv operators, respectively. In these
definitions, {a, b, c} and {p, q, r} represent for the occu-
pied and virtual orbitals, respectively, and  are their sin-
gle particle orbital energies. Contributions from the T pert3
and Spert3v operators are estimated using Eq. (41). This
follows evaluation of extra terms as T †2OT
pert
3 , T
†
2OS
pert
3v ,
S†2vOS
pert
3v , S
†
1vT
†
2OS
pert
3v , T
pert†
3 OT
pert
3 , S
pert†
3v OS
pert
3v ,
and their complex conjugate (c.c.) terms, which are com-
putationally very expensive. Nevertheless, we have put
lot of efforts to estimate contributions from these terms
by computing more than 500 diagrams adopting inter-
mediate steps. These diagrams involves at least n4pn
3
h,
n3pn
5
h, n
5
pn
3
h, n
4
pn
4
h, or n
6
pn
2
h times allowed multipoles of
the RCC operators, with np number of virtual orbitals
and nh number of occupied orbits, even after adopt-
ing the intermediate steps of computations. The CCSD
values along with these contributions are referred to as
the results from the singles, doubles and partial triples
coupled-cluster (CCSDpT) method.
9TABLE III. Results of Bhf (in MHz) and Θ (in a.u.) from different methods and comparison with other calculations and
high-precision experimental values. Other theoretical works on Bhf are discussed elsewhere [40].
Methods 4p 2P3/2 3d
2D3/2 3d
2D5/2
Bhf Θ Bhf Θ Bhf Θ
DHF −4.301 4.670 −2.417 1.712 −3.425 2.451
MBPT(2) −6.420 4.334 −3.030 1.266 −4.295 1.814
MBPT(3) −6.462 4.332 −2.974 1.265 −4.147 1.812
LCCSD −7.091 4.279 −3.104 1.208 −4.399 1.732
CCSD(2) −6.711 4.339 −3.160 1.287 −4.443 1.844
CCSD −6.700 4.341 −3.030 1.291 −4.235 1.849
CCSDpT −6.702 4.338 −3.027 1.289 −4.117 1.846
+Breit 0.0079 −0.0006 −0.0006 −0.002 −0.0041 −0.002
+QED −0.0003 ∼ 0.0 −0.0002 0.0 −0.0003 0.0
Total −6.694 4.337 −3.028 1.287 −4.121 1.844
Ref. [51] 1.289(11) 1.849(17)
Ref. [41] 1.338 1.917
Experiment −6.7(1.4) [49]; −4.2(1.3) [50] −3.7(1.9) [47] −4.241(4) [48] 1.83(1)
IV. RESULTS AND DISCUSSION
Before discussing the trends of electron correlation ef-
fects in Ca+ for evaluating the considered properties,
we give results of these quantities obtained from various
approximated many-body methods and compare them
against the available experimental values. First, we com-
pare results in many of the low-lying states from vari-
ous approximated methods and strive to perceive their
underlying trends in the electron correlation contribu-
tions to determine the spectroscopic properties. This is
done for the individual properties and compared with
the available experimental results and other theoretical
calculations. We proceed first with the results for the
field shift constants in which the associated operator is a
scalar. This follows with the discussions about the Ahf
and gJ values, that are described by the operators having
the same rank (i.e. one) but different radial behaviors.
Then, we present the Bhf and Θ values that are finite
only for the states with angular momenta J > 1/2 fol-
lowing the triangle condition for their physical operators
of rank two.
The field shift constants obtained from different em-
ployed methods for the considered states are given in Ta-
ble I. These quantities cannot be measured directly for a
state in an experiment, but their differences between any
two states can be extracted out from the isotope shift
measurement of the transition involving the states using
the King’s plot [42]. Our final values are given as the
results obtained using the CCSDpT method along with
the relativistic corrections from the Breit and QED in-
teractions. We have compared our results with another
calculations available using the MBPT(3) method [43] in
Table I. As seen, results from our MBPT(3) method and
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FIG. 4. (Color online) Correlation trends in the Bhf values
from lower- to all-order many-body methods with different
levels of approximations. Methods quoted in the X-axis are
with arbitrary unit.
that are given in Ref. [43] differ a lot. This is because
there are also additional contributions included from the
higher-order random-phase approximation (RPA) with
the MBPT(3) contributions in Ref. [43]. In fact, one
more calculation is available on the field shift contribu-
tions to the D1 and D2 lines of Ca+, but it does not give
field shift constants for the individual state [44].
The differences in the field shift contributions in Ca+
for the D1, D2 and 3d 2D3/2 → 4p 2P1/2 transitions were
extracted out in the recent measurements [26, 45]. It is
observed in these measurements that ratios of the field
shifts between the above transitions do not agree with
10
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the previously available calculations. To investigate it
further using our results from all the considered methods
at different levels of approximation, we present ratios for
these transitions and compare them against the exper-
imental values towards the end of Table I. As can be
seen, the ratio of F values among the D2 and D1 lines
do not agree with the experimental values at all. It gives
a slightly larger value at the DHF method, but then the
ratio remains almost constant around 1.0010 from the all-
order methods. The CCSD and CCSDpT methods give a
smaller value about 1.0008 even when the F values for the
individual states differ significantly, and finally it settles
down at 1.0007 after considering the relativistic correc-
tions. This is in close agreement with the value given
by a combined configuration (CI) and MBPT method in
Ref. [26]. We had reported this ratio as 1.0029 from the
CCSD method in Ref. [26], however when more effec-
tive two-body contributions from the non-linear terms of
the truncative series appearing in Eq. (41) are included
the ratio came down drastically. We had also estimated
partial triples effects by considering many important dia-
grams representing the T †2OS
pert
3v RCC term in Ref. [26].
We, however, find contributions from the other afore-
mentioned terms containing the triply excited perturbed
operators cancel out most of the contributions from the
above term. The net partial triples contributions are still
significant to the field shift constants, but the ratio be-
tween the D2 and D1 lines is not affected much. The
results from Ref. [43] gives this ratio as 1.0010, while the
other calculation based on the finite gradient approach
in the Green function technique offers this ratio as one
[44]. In contrast, the ratios among the field shift of the
3d 2D3/2 → 4p 2P1/2 transition with the D1 and D2 lines
show very different trends. The DHF method gives low
ratios and gradually their values increase and then de-
crease; finally producing values towards the experimen-
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FIG. 6. (Color online) Comparison of correlation trends
among various properties with different radial and angular
momentum dependencies through the employed many-body
methods in the ground state of 43Ca+.
tal results. In fact, large differences in the F values from
the CCSDpT and CCSD methods suggest that the elec-
tron correlation effects play crucial roles to determine the
3d 2D3/2;5/2 states. This also helps in improving the ra-
tios over the results from the CCSD method. It, however,
gives almost the same ratios between the F values of the
3d 2D3/2 → 4p 2P1/2 transition with the D1 and D2 lines.
Thus, it supports the fact that the 4p 2P1/2 and 4p
2P3/2
states behave differently in the nuclear region which can-
not be described by determining the nuclear potential in
the uniform charge distribution approximation.
In Fig. 1, we plot the field shift constants from dif-
ferent methods normalizing with the final values of the
respective states. In these results we have subtracted out
the DHF contributions in order to highlight the propa-
gation of the electron correlation effects through all the
considered many-body methods. As seen, the correlation
effects in the ground state seem to be very large as its
valence s-orbital has larger overlap in the nuclear region.
In different states the correlation effects are seen to be en-
hanced through lower to higher-order many-body meth-
ods, except a slight deviation in the ground state. The
MBPT(2) method estimates little larger correlation ef-
fects than the MBPT(3) method and the LCCSD method
overestimates these effects in the ground state. There are
also noticeable differences between the results from the
CCSD(2) and CCSD methods indicating that the non-
linear terms from Eq. (41) play important roles in deter-
mining the F values.
In Table II, we present the Ahf and gJ values to-
gether from the employed methods for all the considered
states in 43Ca+. Available precise experimental results
of these quantities are also quoted at the end of the table
[11, 24, 46, 47]. As mentioned in Sec. II, the correspond-
ing electronic operators to evaluate these quantities have
the same angular factors but with different radial depen-
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dencies. Comparison in the trends of the results from
the DHF to CCSDpT methods demonstrate, they do not
follow similar pattern in the propagation of the electron
correlation effects. For example, the DHF value of Ahf
for the 4s 2S1/2 state is about two-third of the experimen-
tal value, while the the DHF value of gJ in this state is
very close to the experimental value. Inclusion of the cor-
relation effects through the MBPT(2) method brings the
Ahf value towards the experimental result in the 4s
2S1/2
state, but the LCCSD method overestimates the value
while the CCSD method takes it again very close to the
experimental result. Addition of higher-order relativistic
corrections from the Breit and QED interacts improve
the results further, so also the triples contributions from
the CCSDpT method. This trend is almost similar in
other states except in the 3d 2D5/2 state of
43Ca+ for
the evaluation of Ahf . In the 3d
2D5/2 state, the DHF
method predicts a very large value while inclusion of the
correlation effects lower the value close to the experi-
mental result. Higher relativistic corrections and triples
contributions through the CCSDpT method are found to
be very small. In our previous work [31], we had dis-
cussed results from other calculations and also reported
values from the CCSD method. However, we had only
accounted for linear terms from eT
†
ONe
T of Eq. (41)
in that work, while the non-linear terms are included
through self-consistent procedure here.
To demonstrate prominently the trends of correlation
effects captured through lower to all-order many-body
methods, we plot the (Ahf−DHF)/(Ahf (final)-DHF) val-
ues of Ahf from all the employed methods in Fig. 2,
where Ahf (final) corresponds to the final result. As can
be seen, these trends are different than the F values
shown in Fig. 1. The plots are almost flat from the
MBPT(2) to MBPT(3) methods and also from the CCSD
to CCSDpT methods implying partial triple effects are
negligibly small. The LCCSD method overestimates the
correlation effects in all the states except in the 3d 2D5/2
state, in which it underestimates these effects. In con-
trast to the F values, we find here there is almost no dif-
ference between the results from the CCSD(2) and CCSD
methods. This suggests that the non-linear effects add
contributions only through the evaluation of the ampli-
tudes of the wave functions.
Even though Ahf and gJ determining expressions have
same angular factors, the DHF value of the gJ factor
of the ground state is found to be close to the experi-
mental value in contrast to the Ahf value as mentioned
above. When the correlation effects are added through
the MBPT(2) and MBPT(3) methods, the results do
not improve over the DHF values. In fact, the all-
order LCCSD, CCSD(2) and CCSD methods also do not
give satisfactory results compared with the experimental
value [11]. Corrections from the Breit and QED interac-
tions are found to be extremely small with respect to the
contributions arising due to the electron correlation ef-
fects. The partial triple effects, however, play very impor-
tant roles in achieving result to the closed experimental
value. In fact, this is achieved at the cost of huge com-
putational efforts to evaluate contributions from more
than 500 diagrams. Again, trends of correlation contri-
butions to the excited states are also found to be different
than the ground state. In these states, the triples effects
through the CCSDpT method are also coming out to be
quite large. Corrections from the Breit and QED interac-
tions are not so important than the higher-order electron
correlation effects. Our result for the 3d 2D5/2 state also
agrees reasonably with the corresponding experimental
value [24]. There is only one calculation on the gJ factor
available for the ground state using the MCDF method
reported by the same authors who had performed the
measurement [11]. They had used a very larger number
of CSFs to attain the result matching with the experi-
mental value.
In Fig. 3, we plot the (gJ−DHF)/(gJ(final)-DHF) val-
ues of the gJ factors of the considered states from all
the employed methods. We have also subtracted the
∆gQJ values to highlight only the correlation contribu-
tions. As can be seen the correlation effects included
through the MBPT(3) method give unusually large con-
tributions, especially in the 3d 2D3/2 and 3d
2D5/2 states.
It to be noted here is that the differences between the
results from the MBPT(2) and MBPT(3) methods rep-
resent the contributions from the triples at the lowest-
order of the T †2OS
pert
3v RCC term. Again, the all-order
triples effects are found to be crucial in Table II to
compare the final results with the experimental values.
However, in the above plot the differences in the results
from the CCSD(2), CCSD and CCSDpT methods are not
clearly visible because of the large values plotted from the
MBPT(3) method. Nevertheless, we find a completely
different trend of the correlation effects in the evaluation
of the gJ factors than the Ahf values, as well as from the
field shift constants.
12
- 1 . 0
- 0 . 5
0 . 0
0 . 5
1 . 0
4 p  2 P 3 / 2  s t a t e
 
 
[(O
-DH
F)/(
O fin
al-D
HF)
]
 F g J A h f B h f Θ
 
M e t h o d s
D H F M B P T ( 2 )
L C C S D
C C S D ( 2 )
C C S D
C C S D p T
FIG. 8. (Color online) Comparison of correlation trends in
the 4p 2P3/2 state of
43Ca+ among the considered properties
from the employed relativistic many-body methods.
In Table III, we present results for Bhf and Θ and
compare them with their available experimental val-
ues. These quantities are finite only for the states with
J > 1/2. The most precise experimental value for Bhf is
available in the 3d 2D5/2 state. The correlation trends for
the evaluation of Bhf are found to be exactly similar in
the determination of the Ahf values for their correspond-
ing states except in the 3d 2D5/2 state. The correlation
trend in this state is also similar with the 4p 2P3/2 and
3d 2D3/2 states. We have compared our calculated re-
sults with the available most precise measurements [47–
50]. We have quoted here two experimental values for
the 4p 2P3/2 state. The reason for this is, we had ob-
tained Qnuc = 0.0444(6)b [31] by combining our calcu-
lation with the high precision experimental Bhf value
of the 3d 2D5/2 state [48]. Our present calculation also
conform with our previously reported value even after
accounting more non-linear terms in Eq. (41). However,
we are unable to produce the Bhf values close to the
experimental results, especially for the 3d 2D5/2 state,
when Qnuc = 0.028(9)b from Ref. [50] is multiplied with
our calculations. Considering Qnuc = 0.0444(6)b, we are
able to produce Bhf of the 4p
2P3/2 state as −6.693 MHz,
which is very close to the previously reported experimen-
tal value as −6.7(1.4) MHz [49] and differ significantly
from the latest measured value −4.2(1.3) MHz [50]. Nev-
ertheless, we get results agreeing within the error bars
of the other experimental results in all the three states.
We had also discussed about other calculations on these
quantities in our earlier work [31].
To recognize the trends of the correlation effects
in the determination of the Bhf values, we plot
the (Bhf−DHF)/(Bhf (final)-DHF) values from different
methods in Fig. 4. It shows the correlation trends in the
4p 2P3/2 and 3d
2D3/2 states are almost similar, while
they are quite large in the 3d 2D5/2 state. Differences in
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FIG. 9. (Color online) Comparison of correlation trends
through the employed many-body methods for various prop-
erties in the metastable 3d 2D3/2 state of
43Ca+.
the results from the CCSD and CCSDpT methods indi-
cate that partial triples contributions in the former two
states are almost negligible and it is significant in the
later state. These plots are also different than the trends
observed in the evaluation of the Ahf values in the re-
spective states.
There is only one experimental value available for Θ
of the 3d 2D5/2 state. As stated earlier, the electronic
components of Qel and Bhf determining operators are
same and differ in their radial behavior. As seen in Ta-
ble III, the correlation trends from the DHF value seem
to be completely different in the evaluation of the Bhf
and Θ values. In the case of the evaluation of Θ, the DHF
method gives large values while all the considered many-
body methods reduce these values due to inclusion of the
correlation effects. The all-order methods at the LCCSD
method approximation gives very small values, but the
CCSD method increases their values. It implies that the
electron correlation effects incorporated through the non-
linear terms are found to be quite significant. Higher rel-
ativistic corrections to these quantities are also found to
be negligible. The contributions from the leading order
triples are also very small in all these states. In our previ-
ous calculation [41], we had reported these values for the
3d 2D3/2 and 3d
2D5/2 states using the CCSD method.
Those CCSD results were much larger than the present
CCSD values owing to two reasons: First of all a finite
number of effective one-body terms from Eq. (41) were
considered and the self-consistent procedure improve the
results notably. Moreover, it was demonstrated in an-
other calculation [51] that correlation contributions from
the orbitals belonging to the higher orbital angular mo-
menta are crucial in achieving precise values of Θ in Ca+.
We also found inclusion of orbitals from the orbital an-
gular momentum beyond l = 4, up to which it was con-
sidered in our previous work [41], reduce the values quite
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FIG. 10. (Color online) Comparison of correlation trends
through the employed many-body methods for various prop-
erties in the metastable 3d 2D5/2 state of
43Ca+.
remarkably.
The correlation trends in the evaluation of Θ are shown
in Fig. 5 by plotting the (Θ−DHF)/(Θ(final)-DHF) val-
ues from all the methods in the 4p 2P3/2, 3d
2D3/2 and
3d 2D5/2 states. As can be seen from the figure, the
correlation effects are behaving almost similar trends in
all the states and different than the trends observed in
the evaluation of the Bhf values. The LCCSD method
does not seem to be good approximation to evaluate this
property.
After adducing different trends of electron correlation
effects in the evaluation of a given property among the
considered states of Ca+, we intend now to compare these
trends among different properties for a given state. For
this purpose, we plot the (O−DHF)/(Ofinal-DHF) values,
for the respective operator O, comparing all the con-
sidered properties in the 4s 2S1/2, 4p
2P1/2, 4p
2P3/2,
3d 2D3/2 and 3d
2D5/2 states of
43Ca+ in Figs. 6, 7, 8,
9 and 10, respectively. We have not used results from
the MBPT(3) method as the correlation contributions to
the gJ factors from this method are very large. Thus,
when results from the MBPT(3) method are included,
the correlation effects from other methods are not clearly
distinguished. It is evident from these plots that correla-
tion trends are not similar in all the properties and they
differ among the properties described by operators with
the same ranks but different radial behaviors. In Figs.
8 and 9, it is also obvious that their behaviors are not
unique in atomic states having same angular momentum.
We can argue by comparing Figs. 9 and 10 that corre-
lation effects follow distinct trends in the states having
same parity and orbital angular momentum l but differ-
ent total angular momentum J .
V. SUMMARY
We have investigated dependencies of electron correla-
tion effects with the rank and radial behaviors of the elec-
tronic components of many physical operators describing
different atomic properties. For this purpose, we have
evaluated field shift constants, hyperfine structure con-
stants, gJ factors and electric quadrupole moments in the
first five low-lying states belonging to different orbital
angular momenta of Ca+. We have considered the DHF
method to determine the zeroth-order results, then em-
ployed second-order and third-order many-body pertur-
bation theories, and linearized coupled-cluster and non-
linearized coupled-cluster methods with all the singles
and doubles excitations and important triples excitations
in the perturbative approaches. To demonstrate propa-
gation of electron correlation effects in this ion in the
evaluation of various properties of the considered states,
we have implemented the above many-body methods in
the Fock-space framework adopting Bloch’s equations.
Correlation trends in all the investigated states were com-
pared from all the employed methods for the individual
property and then they were compared for all the proper-
ties in a given state. The following conclusions are drawn
from these analyses:
(i) We find almost all the contributions to the reported
results are coming from the electron correlation effects
from the Dirac-Coulomb interactions, while the higher
relativistic effects are non-negligible in the ground state.
(ii) From the estimate of leading order triples contri-
butions, it implies that it is imperative to consider full
triple excitations to achieve very high precision results
for the gJ factors in the considered ion.
(iii) Even when the properties under considerations
have same angular factors but differ in radial behaviors,
the electron correlation effects in a given state can exhibit
very different trends in these properties.
(iv) Sometime a lower-order theory, such as the second-
order many-body perturbation method, can predict more
accurate results than an all-order perturbative method,
like the LCCSD method.
(v) Our analysis suggests that by just comparing theo-
retical values from an approximated many-body method
for a particular property with the corresponding experi-
mental results cannot justify capability of the method to
produce high-precision results for any general studies. As
a solution to this problem, we would like to suggest that
uncertainties to theoretical results can be estimated by
analyzing contributions from the higher-order correlation
effects that can arise through the neglected higher-level
configurations in the calculations. In case, this leads to
complication in a sophisticated many-body method like a
truncated RCC method then accuracies of the wave func-
tions should be adjudged by carrying out calculations of
many properties of the atomic states having different ra-
dial and angular behaviors and comparing them with the
available experimental values.
The above findings can be very useful while bench-
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marking the approximated many-body methods to re-
produce the experimental results and for providing high-
precision theoretical results. It will offer some confidence
on the theoretical studies of the respective properties to
gauge uncertainties that may appear in the truncation
of an employed many-body method. This will also help
in judging the uncertainties of matrix elements of any
given physical operators more reliably which cannot be
obtained directly from experiments, by analyzing the ra-
dial and angular moment factors of the corresponding
operators. Knowledge of behavior of electron correlation
effects in an atomic system can guide an experimental-
ist to use the available theoretical values from different
many-body methods for performing measurements in the
right directions prior to the observations and it can give
confidence in using theoretical values from a method for
which experiments cannot be conducted.
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